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Abstract-The diffuse plastic instability in tubes and sheets under biaxial stress conditions is
examined by the use of perturbation methods. Very general constitutive relationships for
material properties are used. This requires the inclusion of first order changes in the strain
directions inside the patch and also treatment of the material anisotropy and strain rate sensiti­
vity in addition to strain hardening. The inclusion of variations in strain direction is found to
alter the form of the characteristic equation for stability from first order to second order but
both roots are real for all cases investigated. The value of strain hardening at which the largest
root becomes significantly positive is almost the same as that reached when changes in strain
directors are ignored. However the strain hardening at which this root becomes formally zero can
be very different. The former condition is considered to be of more practical importance than the
latter. By this test the stability increases rapidly above a strain rate sensitivity of about 0·1.

l. INTRODUCTION

Plastic instability in tubes and sheets may be defined as a condition whereby a small
localized region, which is thinner than the surrounding material of nominal size, tends to
progressively decrease in thickness relative to its surroundings. This condition is similar to
the corresponding necking instability of bars in a uniaxial stress condition. However in this
case the two-dimensional stress field must be taken into account. The presence of signifi­
cant stresses in the thickness direction also influences stability, but this situation is not
appropriate here. Likewise, bending moments and shear stresses in the sheet are assumed
small enough to have only minor effects.

Although the locally thinned region may take on a variety of geometrical shapes it i~

convenient to consider specific modes and to assume that absolute stability occurs if all
modes are stable. For instance, the locally thinned region may take this form of a groove
which opens up into a cracklike defect. Alternatively it may have finite dimensions in both
directions, taking on the form of a diffuse patch. Stability against progressive opening of
grooves has been examined in a previous paper[l]. Also analysis of conditions under which
localized thinned patches can form in tubes and sheets under biaxial stress conditions has
been carried out by a number of previous workers[2-4]. The stability conditions covered
here relate to the latter mode with certain additional effects added. The added effects are (1)
the influence of strain rate sensitivity, (2) anisotropic material properties, and (3) the fact
that strain rate directors themselves vary with the altered stress condition inside the patch.

2. MATERIAL PROPERTIES

In addition to the biaxial stress condition other major factors entering into stability are the
material constitutive properties. These can be expressed in terms of differentials as follows
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(1)

where (19 is the generalized stress, a function of the principal stresses, and 8g is the generalized
strain in the material, being a function of the three principal strains. These will be defined
later. A dot over a variable indicates the time rate of change. Symbols m and n for present
purposes can be considered as numbers which are characteristic of the material ir. the
neighborhood of (1g' 8g, 8gbut not necessarily outside this neighborhood. The parameter m is
usually called the strain rate sensitivity and the parameter n the strain hardening exponent.
It is often convenient to replace n/8g in equation (1) by a single parameter y, called the strain
hardening parameter. The generalized stress (1g in the constitutive relation in equation (1)
is defined in a manner similar to Hill's definition[5] as

(1 = [R(1h - (1t)2 + RP(1t - 0"/)2 + P(O"I - O"h)2] 1/2
9 Y+P ~

where O"h' O"t and (JI are the principal stresses jn thickness, width and length directions and
the anisotropic parameters Rand P determine the material strength in each direction. The
generalized strain rate 8g is defined by the work law:

(3)

(5)

(6)

(4)

Assuming orthogonality of strain rate components to the locus of constant O"g in stress
space[6] it can be shown that

· 80"g . .
8h = -8g = Dh 8g

80"h

· 80"g. .
8 t = - 8g = Dr 8g

80"t

· 80"g . .
8/ =-8 = D I 8

80" / 9 9

which defines the directors Dh, D t and D I . If O"h is sm'all enough to be neglected the expres­
sion for the directors D h , D t and D, obtained by differentiating equation (2), are as follows,

where

D - -(R +Pa) (J
h - RP +P

D = RP(1 - a) + R (J
t RP+P

- RP(1 - a) + Pa R

D, = RP+P P

a = O"I!O"r

{J = (1t/O"g

= [(RP + p)1 /2/(R + RP(a - 1)2 + P(2)1 /2](O"t/ IO"t I)·

(7)

(8)

(9)

(10)

(11)

(12)

It is assumed here that 8h , 8/ and 8t are the total strain rates, i.e. the additional elastic
contribution to the strain rates in equations (4,)-(6) are assumed to be negligible com­
pared with plastic strains.
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At this stage it is convenient to define for later use the second derivatives of Ug' as follows:

(13)

(14)

(15)

(16)

It may be noted that the constitutive relation in equation (1), in the absence of further
information, should for generality be written as a vector relationship between the principal
stresses Uh , U t and U/ and the prjncipal strain rates 8h , 8t and 8/. The alternative procedure of
using a single equation via a stress function ug defined by equation (2) may be regarded as
merely a two parameter (R and P) fitting process, which is not exact but which is usually
sufficiently accurate[6].

3. ANALYSIS METHODS

Necessary prerequisites to the analysis of stability are (1) an exact definition of stability,
(2) a selection of the variable being examined for stability, and (3) definition of the boundary
conditions relating stress and strain conditions outside the patch and those inside. These will
now be considered.

Definition of stability

The criterion of Lyapunov, often described as his" first method" [7], will be used here.
Briefly, the equilibrium points of the system are first determined and then the dynamic
equations are linearized into homogeneous equations for small departures from these
equilibrium points. The eigenvalues (latent roots) of these linearized equations are then
determined. If any of the eigenvalues are positive the system is unstable. The equations
themselves are strictly applicable only to local regions around the equilibrium point over
which the linearization is valid, and thus this definition is sometimes referred to as " stability
in the small" rather than stability" in the large" which would cover the global situation.

The variable being examined

The specific variable chosen here is the difference beg between generalized strain in the
necked region and that in the surrounding unnecked region (Fig. 1). The symbol b is always
used hereafter to denote a difference between the value of some parameter inside the
necked region and the value in the material outside this region at the same instant of time.
Variables other than b8g could be chosen. For instance, it would be feasible to choose the
difference in thickness bh. Alternatively the djfference in thickness strain could be chosen,
i.e. beh • The three variables are related as follows:

b8h = b(Dh 8g) = Dh b8g+ 8gL aDh M j
i au;

b8h = b(~) = ~ bh - .!:.- bh = ~ bh - 8h behh h h2 h .
(17)
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SECTION A-A
(ENLARGED VIEW)

""t

Fig. 1. Locally thinned region of a tube subjected to internal gas pressure and end loads.

Conditions for the stability of these variables would be expected to be similar. They are not
identical, since the new variables, beh or bh, involve integrals of the variable bBg, which are
formally infinite when the latent roots determining bBg are zero. For instance, if bBg = K
exp(2t), then 2 = 0 when [d(bBg)/dt]t= 0 = O. However, 2 < 0 when (d/dt) [bBg + JbBgdt]t=o =0.

Boundary conditions

The boundary conditions assumed here are illustrated in Fig. 1, which shows a tube
under internal pressure and end loads. The basic assumptions are that the principal stresses
outside the thinned region are amplified inside the region by the ratio of thicknesses in these
locations.

The possibility of localized thinning is most evident in the case of drawing processes[8, 9]
in which case the locally thinned patches would be expected to become more highly stressed
as they become thinner. In the case of flat plates localized thinning would lead to unloading
and in such cases other instability mechanisms such as the growth of groove-like defects
may be expected to dominate [I ]. Internally pressurized tubes could develop instabilities in
either mode depending on dimensions and material properties. Usually in pressurized tube
tests the initial instability is diffuse (patch-type) although the final tear may be associated
with groove instability.

Adopting the boundary assumptions as stated, the following relationships apply to the
membrane stresses at and at

baI!a/ = -bAI!A 1 = be,

bat/at = -bAt/At = bet

(18)

(19)
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(24)

where c'5A; is the difference in area of cross section over which the applied force in direction i
acts. The second equality in each of equations (18) and (19) arises from the assumption of
constant volume.

4. CHARACTERISTIC EQUATION FOR STABILITY

It is shown in the Appendix that the constitutive equation (1) and the boundary conditions,
equations (18 and 19), together with the expression for generalized stress, equation (2), and
the strain rate equations (5) and (6) are sufficient to specify a set of homogeneous equations
in the variables c'5(Jg' (j(J I' c'5(Jt' c'5eg, c'5e, and c'5et • This leads to a characteristic equation in c'5eg
which is of the form

(As 2 + Bs + C )c'56g = 0 (20)

where s stands for the derivative d/dt. The coefficients A, Band C are given by

A = m/6g (21)

B = I' - (m/6g)(D ll ct. + Dtt)f3 - ct.f3D? - f3D/ (22)

C = -Y6g(Dtt ct. + Dtt)f3 + ct.f326iDt2 Dtt - 2D, Dt D lt + D/ D ll ). (23)

It may be noted that, when the second derivatives Dij are assumed to be zero, equation
(20) becomes

m d2
2 2 d

-;- -2 (c'58g) + (I' - ct.f3D, - f3Dt ) -d (c'5eg) = o.
8g dt t

This equation gives the same condition for absolute stability (zero roots) as Hillier[4] for his
special case (ii) with R = 1, P = 1, m = 0, i.e.

(Yo - ct.f3D? - f3D/) = 0 (25)

which specifies the critical value of "I for specified values of stress conditions defined by ct.
and 13. The subscript has been added to I' to indicate that Yo is the special value of "I which
leads to absolute stability if second derivatives of (Jg, i.e. Dij, are assumed to be zero. It may
be noted that the roots of equation (24) are linearly dependent on 6g/m. The solution to
equation (24) is of the form

(j6g = «(j 6g)0 exp[(y - ct.f3D? - f3D/)(6g/m) At] (26)

where (c'56g)0 is the initial value of (j6g at time At = O. The time constant for the growth or
diminution of the perturbation c'56g is, not unexpectedly, proportional to the strain rate
sensitivity m and inversely proportional to the nominal strain rate 6g •

Turning now to the full solution of equation (20) including terms in Dij the two roots are

A = [-B ± (B2 - 4AC)1 /2]/2A. (27)

With A = m/6g it is clear that the time constants of increase or decay in c'56gare again linearly
related to 6g and inversely to m. However, since the numerator in equation (27) is also a
function of m (though not of 6g) the m-dependence for A as a whole is not strictly linear,
though this will be nearly so when m is small enough.

The positive sign in equation (27) is identified with the most positive root since both the
factors m and 6g of A in equation (21) are positive (m is positive for realistic properties).
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The condition for absolute stability becomes

(B2 - 4AC)1/2 < B (28)

or, with A and B positive,

C <0. (29)

If B is negative then stability is unattainable.

5. DISCUSSION OF RESULTS

Roots of the characteristic equation

Values of the normalized root ).-!f-g are shown in Figs. 2-7 for a range of values of er: = azla t

and strain hardening parameter y for typical values of R, P and strain rate sensitivity tn.

Some of these figures show the smaller root in equation (27) in addition to the larger root
although the algebraically larger root determines stability. Observations are as follows:
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Fig. 2. Roots of equation for neck growth R = P = 1, m = 10- s.

(1). Stability is always reduced (A is more positive) as the value of y is decreased. This
follows the direction of the classical stability criterion of Considere[I 0] for the uniaxial case
without tn-dependence, being

(30)
I da

y=--<1.
a 08

(2). As the strain rate sensitivity m increases, stability is increased in the sense that the
roots A become reduced.

(3). The above conclusions are true for anisotropic properties (R > 1, P> 1). If R i= P
the roots A are not the same when adat is replaced by at/a, .
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Fig. 3. Roots of equation for neck growth R = P = 1, m = 0'01.
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Fig. 7. Roots of equation for neck growth R = 4, P = 4, m = 10- 5.

(4). In certain regions of IX, absolute stability is never attained (roots are always positive).
At first sight this seems paradoxical but this only implies that inhomogeneities will always
propagate, though perhaps at negligible rates.

In order to determine conditions for propagation of inhomogeneities at acceptable rates, a
solution to equation (20) of the form

(31)

is considered, where 2 is the largest root in equation (27). An acceptably small value of
2/6g can be defined as that value which makes the exponential factor in equation (31)
acceptably small, saye = 2'718 for convenience, after some acceptable time At. As can be
seen from the form of equation (31), if the normalized root 2/6g is taken, the remaining
term in the exponent is 6g At, or A8g within the assumptions of constancy of 6g • Now in
practical cases it is sufficient to consider the growth of an inhomogeneity only for some
specific maximum strain (here the thinning) of the material outside the inhomogeneity. If
this maximum strain is taken as 10 per cent then the allowable value of 2/6g is determined by

2'718 = exp{(2/6g)/1O} (32)

or

(33)

where (2/6g)err is thus the value of 2/6g which makes the perturbation strain rate increase by a
factor of e = 2·718 when a nominal strain increment of 10 per cent is reached in the sur­
rounding material. These values of 2/6g are labelled as the effective stability points in Figs. 2­
7. It can be seen that effective stability is achieved, i.e. no "substantial" aggravation of a
neck, for values of Y= Yerr often considerably lower than those for absolute stability.
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Critical values of y and m

Values of the reciprocal strain hardening parameter y-l = (Jg/(0(Jg/08g) for absolute
stability (Y;b~) and for effective stability (Yern are plotted in Figs. 8-10. These three
figures relate to isotropic properties (R = P = 1), to anisotropic properties (R = 2, P = 4)
and to anisotropic properties with isotropy between the width and thickness directions
(R = 4, P = 4). Variations with strain rate sensitivity m are also shown in these figures. The
value Yo 1 for stability, assuming second derivatives Dij are zero, from equations (24) and
(25) is also shown. The same comments are applicable as those made in connection with
the plots of A. in Figs. 2-7.

In addition it may be seen that the values of Ycil are close to those of Yo 1 for small
values of m, say m S 0·0/. This is not a coincidence as will now be demonstrated.

If the roots ), of equation (20) are examined for m ---> 0, in the range C < 0 (see Figs. 8-10),
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Fig. 8. Absolute and effective stability criteria R = P = 1.

assuming as before that A from equation (21) is positive, equation (27) 5hows that the
largest (most positive) values of A. approaches ICI /B if B is positive. As B goes through zero,
provided A is finite, A. becomes (I CI /A)1/2. However when B becomes negative, with m still
vanishingly small, the largest root is now IB I/A. Thus a change in sign of B causes the root to
go from a low positive value to a high positive value and therefore the effective stability
point would be expected to be in the region close to B = 0 for small values of m.
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6. CONCLUSIONS

(1). Inclusion of first order changes in the strain director Dij inside the patch causes the
characteristic equation governing stability to become quadratic whereas exclusion of these
changes produces a first order equation.

(2). The roots of the quadratic equation are real in all cases investigated.
(3). For some values of biaxiality ratio ada, the largest root is positive for all values of

strain rate sensitivity m and strain hardening parameter y.
(4). Stability can be redefined as a condition whereby" significant" neck growth does not

occur for some prescribed strain (e.g. 10 percent) in the material outside the patch. The
effective value of strain hardening parameter, Yeff' for this condition and for m -> 0 is very
close to the value obtained without inclusion of changes in strain directors. This is shown to
be a rational conclusion.

(5). As the strain rate sensitivity m is increased beyond about 0·1 the values of Yeff become
very small, indicating high relative stability.

(6). Effects of anisotropy are not large over the ranges investigated.
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AOCTpaKT - IIpHMeH1Hr MeTOAbI B03MyU\eHHil HCCJIeAyeTcll OJIaCTIf'leCKall HeycTOU'lHBOCTb
AH<!><!>YH,LIHpOBaHHlI B Tpy6ax H JIIfCTaX, B YCJIOBHilX AByxocHoro HanpillKeHHil. I1cnoJlb3YlOTCil
O'leHh o6IUHe KOHCTHTyTHBHbIe 3aBHCHMOCTH AJlil CBOHCTB MaTeplfaJla. 3TO Tpe6yeT BKJlIO'leHHil
H3MeHeHHH nepBoro nOpll,LIKa B HanpaBJleHHilX Ae<!>opMaUHH BHyTpH He60JlbllIOrO yqaCTKa H,
TaKlKe, paCCMOTpeHHil aHH30TporrHH MaTepHaJIa H 'lYBCTBIfTeJlhHOCTH K CKOpOCTH Ae<!>0pMa­
UHH, B Ll06aBJleHlfH K Ae<!>opMauHoHHoMy yrrpO'lHeHIfIO. HaxoAHTcil, qTO BKJllOqeHHe H3MeHe­
HHH B HarrpaBJleHHH Ae<!>opMauHH H1MeHileT <!>OpMy xapaKTeplfCTH'leCKOrO ypaBHeHHil
YCTOHqHBOCTH H3 nepBoro rropilLlKa K LlPyroMy, HO 06a KOpHH LleHCTBlHeJlhHhI LlJIil Bcex
HCCJleLlOBaHHhlX cJlyqaeB. 3HaqeHHe Lle<!>0pMauHoHHoro ynpO'lHeHlfil, npH KOTOpOM caMbIH
60JlhillOH KopeHh 3Ha'lHTeJlbHO nOJlOlKHTeJlhHbIU nO'ITH TOT lKe caMoe, KaK TO LlocTHrHyTo,
KorLla rrpeHe6peralOTCll H3MeHeHHilMH B BeKTopax HarrpaBJleHHil Lle<!>opMaUHIL TeM He MeHee,
Lle<!>opMaUHOHHoe yrrp0'lHeHHe, rrpii KOTOpOM )TOT KopeHl, nepeXOAIfT <!>opMaJlhHO B HyJlh,
MOlKeT 6bITh COBceM Apyroe. IIepBoe YCJloBlfe C'liITaeTCil 6bITh 60Jlee npaKTH'leCKOrO 3HaqeHHil
no cpaBHeHHIO C LlpyrlfM. 1;13 3Toro onbITa OKa3bIBaeTCil. 'ITO yCTOU'llfBOCTb nOBbIllIaeTCil
6biCTpO BbIIIle qYBCTBHTeJlbHOCTH K CKOpOCTIf Lle<!>opMaUIfIf nopilAKa nplf6J1lf1lfTeJlbHO 0,1.
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Derivation of the characteristic equation for stability

The perturbation variables can be identified as (j(Jg, (j(J I' (j(J" bel' be, and (jeg. The time
derivatives of variables, such as (jBg, are not treated here as new variables, but as s (jBgwhere
the multiplier s can be considered as a linear operator, or equivalently, as Laplace transform
multiplier. For solution of this system there is first the constitutive equation (1). In addition
there are two boundary conditions, equations (18) and (19). Then there is the relation,
equation (2), between (Jg' (J I and (J,. This can be expressed in perturbation variables as

(AI)

Finally the two relations, equations (5) and (6), exist between BI and Bg and between B, and
Bg • These can be expressed in perturbation form as

(A2)

where D u = (Jg 8Dc/8(JI and D it = (J9 8Dc/8(Jt, as given by equations (13) and (15), and
similarly

(A3)

(A4)

where D tt = (Jg 8D,/8(JI = D lt and D tt = (Jg 8DtIf)(J, as given by equations (14) and (15).
The six equations (1, 18, 19, AI, A2 and A3) are thus sufficient to find a solution. The

solution equation will be derived in ()eg •

The variable bag is first eliminated by combining equation (1) and (AI) into

1 (jBg
- [DI(j(J1 + D, (j(Jt] = m -;- + l' (jeg
(Jg Bg

where the new variable l' is used instead of n/eg • The system is now reduced to five equations
(18, 19, A2-A4) and five variables (j(JI, (j(J" bel' (jet and beg. The next step is to use equations
(18) and (19) to replace (j(J1 and (j(Jt by bel and (jet. If this is performed in equations (A2) and
(A3) these equations become

(AS)

(A6)



1458 E. DUNCOMBE

(A8)

(A7)

This reduces the variables to &1' &t and (jeg and the equations to (A4)-(A6). It is now
necessary to solve equations (AS) and (A6) simultaneously for &, and &t as functions of
&g and then put each of these solutions into equation (A4). The simultaneous solution is

(Dl l5ig)(s - i g[3D tt ) + (igDtt [3)(Dt (jig)(je = _-'---"C-'---=-"-'----'-'-'-------:~-:.:...:..-';;-'-__'__,;_"=

I (s - igDll a[3)(s - igDtt [3) - i/Dl/a[32

(s - iga[3D,a(Dt (jig) + (Dl(jig)(igDlt a[3)
(jet = ( . [3)( . [3) . 2 2 [32S - egDlla s - egDtt - eg D lt a

where a = (Jl!(J" [3 = (Jtl(Jg and s is the time operator d/dt.
Finally the above expressions for (jel and &t can be inserted into equation (A4), yielding

a second order differential equation in only one perturbation variable, (jig. Some simplifica­
tion occurs in the denominators of equations (A7) and (AS) owing to the identity

(A9)

which can be shown by using equations (13)-(15). The final equation of motion for big is
thus of the form

(As 2 + Bs + C)(jig = O. (AlO)

The coefficients A, Band C are given by equations (21)-(23) in the body of the paper.


